Journal of Statistical Physics, Vol. 41, Nos. 5/6, 1985

Thermodynamics for Coulomb Systems:
A Problem at Vanishing Particle Densities
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In this paper I combine techniques recently developed by Charles Fefferman
with the well-known methods of Joel Lebowitz and Elliott Lieb to resolve some
technical problems left unsettled by Lebowitz and Lieb’s fundamental 1972
paper “The constitution of matter: Existence of thermodynamics for systems
composed of electrons and nuclei.”
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1. INTRODUCTION

In their important papers'’’ Joel Lebowitz and Elliott Lieb proved the
existence of the infinite-volume Helmholtz free energy density limit for a
neutral system of electrons and nuclei interacting via Coulomb forces. They
showed that the limit is a convex function of the particle density vectors.
This means that the free energy limit is continuous everywhere except
possibly at the boundary of its domain of definition, i.e., at vanishing par-
ticle densities. As Lebowitz pointed out in Ref. 2, he and Lieb overlooked
this possible discontinuity at vanishing particle densities when they applied
their analysis of the neutral system free energy limit to other problems in
their paper. In particular, it leaves a gap in their proof of the free energy
limit for systems with a net charge and causes technical difficulties in their
analysis of the grand canonical ensemble. Continuity at vanishing particle
densities is actually necessary for their net charge result to hold. The major
problem with their analysis of the grand canonical ensemble can be circum-
vented using ideas implicit in other parts of their paper.
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In addition to what might be called its technical interest, this possible
discontinuity at vanishing particle densities poses the physically meaningful
question of whether a vanishingly small density of some particle species can
render a nonvanishing catalytic effect on the thermodynamics of the
system. Lebowitz discusses this in (2) and expresses interest in seeing the
problem resolved. I will do that in this paper by combining Charles Feffer-
man’s recent analysis‘®) of the infinite-volume pressure limit with the work
of Lebowitz and Lieb. These approaches complement each other and
provide the apparatus for dealing with many interesting questions is quan-
tum statistical physics. This will be evident in a forthcoming article by Fef-
ferman in which he shows that quantized electrons and protons at suitable
temperature and density form an ideal gas of hydrogen atoms or molecules.
To present the results in this paper in an understandable way, I need to
describe and relate the essential ideas of the Lebowitz—Lieb and the Feffer-
man approaches. T hope that researchers interested in applying these
techniques will find this exposition useful. This paper also contains an
explicit calculation of the low-density asymptotic form of the free energy.

As the free energy limit is the central object in their approach,
Lebowitz and Lieb focus on the canonical ensemble. Fefferman analyzes
the grand canonical ensemble. The problem of continuity of the free energy
at the boundary of the particle density vector domain amounts to the
question of whether the infinite-volume limit and the vanishing particle
density limit can be interchanged. Lebowitz and Lieb’s method does not
give the uniform convergence necessary to interchange these limits. On the
other hand, it is not hard to deduce some quantitative control on the rate
of convergence of Fefferman’s grand canonical pressure limit as a com-
ponent of the chemical potential approaches —oco. In particular, the con-
vergence is uniform there. Once the equivalence of the canonical and grand
canonical ensembles has been established (the possible discontinuity caused
problems with Lebowitz and Lieb’s proof of this), we can equate particle
density tending to zero and chemical potential tending to —oo and con-
clude that the same uniformity holds for the free energy limit. I thank both
Flliot Lieb and, of course, my thesis advisor Charles Fefferman for
suggesting this problem and for many helpful discussions.

2. NOTATION

This paper deals with systems of s species of positively and negatively
charged particles with charges (e;,.., ¢,)=E€ Z°. The negatively charged
particles are assumed to be fermions. For finite-volume systems the par-
ticles are contained in some region 2 < R’ whose volume is denoted |Q|.
The number of species j particles is denoted N;; N = (N,,.., N,) is the par-
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ticle number vector and p = N/|Q2|, the particle density vector. In this paper
the regions Q will always be balls B,. The results here extend to the same
more general domains that are considered in (1) and (3). The Hamiltonian
governing a system of N particles in a ball B, is Hy 3,= —4 5+ Vy, where

—Ay= _(mlAN1+ +msAN_p)

=Y m Z A

i=1

s Ni Nj
and V—— I#£k f i=j
PP e f
with m, the mass of a species i particle and X* the kth species i particle.
Hy p, acts on L} , = {square integrable y(...X7..) on Ty-1 N, and satis-
fying the correct statlstlcs} with Dirichlet boundary CODdlthIlS In our
problem the negatively charged particles are fermions. So, if e, <0 ¢ is
assumed antisymmetric in the species i variables. The positively charged
species may be either fermions or bosons (depending on which species) and
therefore require that Y be either antisymmetric or symmetric in the
corresponding variables. This is what is meant by “satisfying the correct
statistics.” Let ™' = temperature. The canonical partition function for N
particles in a ball By is Tr[exp(—fHy z,)]. Define this trace to be 1 if
N =0. This defines the free energy per unit volume by

Fr(B, N/|Bgl)= —(B|Bgl)~" In Tr[exp(—BHy5,)] (2.1)

For p not of the form N/|Bg|, Fr(8, p) is defined by linear interpolation.
The grand canonical partition function depends on another variable pe R®,
the chemical potential. It is given by >y 72, e’ N Trlexp(— BH y.5,)] and
defines the pressure by

Oe(B )= (B |Be)""In ) &P VTrlexp(—BHyp)]  (22)

NeZi,

In this paper, we arc interested in the infinite-volume (or “thermo-
dynamic”) limits F(§, p)=1limg_, ., Fr(B, p) and II(B, u) =lim4_ , I (B, u).
The dependence of these function on f will not be important here and will
usually be suppressed. That is, we will write Fr(p), etc.

3. LEBOWITZ AND LIEB'S ANALYSIS

3.1. The neutral free energy limit

Consider a system of N particles in a ball By. Let B, and B, be dis-
joint subdomains of B, and let N' + N?= N. The key step is a comparison
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between the system with N particles in B and the system with N' particles
in By, and N? in Bg,. Under the assumption that one of N' and N? is
neutral, we will prove that the free energy is increased if the particles are
contrained to lie in the smaller domains. This fact lies at the heart of ther-
modynamic stability and manifests itself in the convexity of the free energy
limit F(p). Let us record and prove it in the following form.

L.L. Inequality. Let BguUBg cBy with By nBp=. And
N'+ N?=N with N'- E=0. Then,

Trlexp(—fHy,5,)] > Trlexp(—fH iz, )1 Tr[exp(— BH s, )] (3.1)

Proof. Notice that

Telexp(—H s ] =sup S exp—B(Hynlm ) (32)

where the supremum is taken over all orthonormal sequences {¥,} of
L?%(B) functions. This quantity is only decreased if the supremum is taken
over a restricted class of functions, namely, those which correspond to
having N’ particles in By, i=1, 2. This idea is behind the proof.

Consider the disjoint union of the

#=11()

i=1

permutation copies {D;} of D;=Xi_ 1(BN' X BN 7). Notice that
L31(Br,) ® L3s(Bp,) is isomorphic to the subset of L2(D } functions which
are statistically correct in the N' and N° variables separately. Let H, be
the old Hamiltonian Hypz, acting on L%:i(Bg)® L2(Bg,). Any
P e L3(Bg)®L3(B RJ) can be extended in the unique and obvious
way to a function @ which is statistically correct in all N variables,
ie, which is L3(Bg). Notice that (P, (1~5j)=K(d5,-, Hp ®;) for
D, D€ L31(Bg,)® L3a(By,). Hence, if {®;}eLii(Bg)® LixABg,) is an
orthonormal sequence then {(1/\/—2 K) &} = L3(By) is a candidate for the
supremum on the right side of (3.2) and Y, exp{— ﬁ(HNBR(l/ﬂ) &,
1/\/1_() @1} =3, exp[ — B(H , D;, D;)). If the supremum of this quantity
is taken over all orthonormal sequences in L3(Bg,) ® L32(Bg,) We obtain
Tr[exp(—pBH),,)] and, by the comments about restricting the class of
functions in (2.2), find that Tr[exp(—fH y 5,)]1 = Trlexp(—BHp, )]

Claim.

Trlexp(—pH p,)]1 = Trlexp(—BHyi p,,) ] Trlexp(—fH 2 5, ) 1.
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Proof of Claim. Observe that Hp, = Hy g, + Hy2 5, — W where

Y - . N eiej
S CENRRE RS i e

i=lk=1j=11]

Y

for Xre B, and Yie Bpg,
is the Coulomb interaction between the disjoint balis. The eigenfunctions
for HN13R+HNzBR on  L%i(Bg)®Li(Bg,) are {Y (- X5)
Yol )},j . where {¥} and {y;} are those for H 1 5, , and H g,
respectlvely This decomposition results in  Tr{exp[ —f(H y 5, +
Hyep, )1} =Trlexp(—BH 8x) 1 Trlexp(—pBHyz5,)]. The assumption
N E=0 will allow us to conclude that the expected value taken over the
above trace of the Coulomb interaction between the disjoint balls is zero.
This is the screening that keeps the world from collapsing and consequently
insures the existence of the thermodynamic limit.

Let { W) denote this expected value. That is,

> .
sz 1 (Wlplil//Zja ‘/’nlﬁy) exp{ _,B((HNI,BRI + HNZ,BRZ) W ‘//2]: ‘//11"#2;)}
2 expl—B()y]
2321 jBRI IBRZ D, {x) ¢2j(y)/”x — yl)dxdy exp[ - B(-- )g]
B 3., expl— B, ]

where &,;, @, are the charge densities associated with ¢, ¥,,, respec-
tively. Pulling the sum inside the integral gives

<W>:j D,(x) Py(y)

Bgr, ¥ Br, )x"_yl

272 Pidx) exp[ —B(Hpm B,V Vi)
22 expl —B(H .Br, Vi )]

with the analogous definition of &,. As N,- E=0, jBR 4(x)dx=0 for all
i=1,.., 00 and so | g, P1(x) dx =0. As simple arguments show [see Appen-
dix of Ref. (1) if necessary], the rotational symmetry of H 5, implies that
®D(x) is radial, i=1, 2. Since By, N By, =0, Newton’s famous electrostatic
theorem shows that

L | dedyzu

® UBr, X — Br,

dxdy, where

D(x)=

B (x) dx}

1
e)] =
8 [LRZ () dy] |distance of centers|
proving that {W> =0.
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The claim now follows from the following theorem by substituting
A=Hu go + Hyz gy B=W, {fi} = Y1 ¥y}

Theorem (Peierls). Let 4 and B be self-adjoint operators on a
Hilbert space with domains D(4) and D(B) and let F= { f,} be a countable
set of orthogonal vectors in D(A4)n D(B). Then,

Trlexp(4 + B)1 =Y. [/, exp(4 + B) fi]
ZZ explf;, (4+ B) fi]
?eXP<B>A,F'ZeXP(fi, Af?)

where

X (B £ explfn Af)
B ar == o AT

Proof. The first inequality follows from our alternative definition of
trace as a supremum. The second and third follow from the convexity of
exp as a function on the measure space that a function f; induces on the
spectrum of A+ B and on the space {f;, Bf;} with measure
explf:, Af,)/2; exp(f;, Af;), respectively. ||

Therefore, the L.L. Inequality is proved. Taking the logarithm of both
sides better reflects its fundamental physical significance as a statement
about free energies:

| Bl Fr(N/IBRl)< |Br,| Fr(N'/|Bg,|)+|Bg,| Fr,(N*/|Bg,|) (3.3)

Divide both sides by |Bg| and notice that it closely resembles a convexity
condition.

The L.L. Inequality generalizes in the obvious way to the cas of any
finite number of disjoint subdomains B, < By with neutral particle vectors
N'. (It still works if just one N’ is not neutral.) Using its free energy density
form, the statement is that

Fr(N/\Bl) <Y |Br//|Bel Fr(Ni/|Bg)) (34)

This results in a kind of montonicity in R for Fg as R — o0. To prove the
existence of the limit, Lebowitz and Lieb pack subdomains {B,} in a ball
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B in a special way, make precise what monotonicity exists, and then
demonstrate a lower bound.

For imagistic reasons, Lebowitz and Lieb refer to their packing as a
“swiss cheese” (see Ref. 4). The construction is based on the simple idea
that disjoint open cubes of side length d can be placed inside of a domain Q
in such a way that they cover at least |2\ Q s,|/|Q| proportion of the
volume, where Q s3,= {xe Q| |x — Q| <\/§d}. To see that this is true,
simply cover Q by disjoint cubes and then remove all those that touch Q¢
Now, if a ball B, is packed with specified finite numbers of balls of known
radii {R;},, then for Q=B \UB, we can get a lower bound on
12\Q 7,/1€2]. By placing a ball of sufficiently small radius R, at the center
of each cube, we can increase our packing in such a way that a definite
additional proportion of By is covered. As Lebowitz and Lieb calculate, it
is possible to pick R;=(1/28) R, and to have the B cover 1/28 of the
volume B\U}_ ., Bg, (where R, =(1/28)R). If we start with an
arbitrary R, and define R,=28R,_, then we have a method for packing
exponentially larger domains B, with the smaller domains {Bg},., in
such a way that the proportion not covered goes exponentially to zero.

Suppose now that R, has been picked so that 28(4n/3) Rip = Ne Z5,
where p e R’ is our particle density vector. Define N’ = 2831(47t/3) Rip for
J = 1. If N/ particles are in B &, then their density is p if j>1 and 28p 1f j=0.
Hence, the N* particles in a large ball B, can be divided among the
smaller balls By, i<k, by putting N’ particles in each ball of radius R,.
The reason that the density in the smallest ball must be 28p rather than p
is that by construction only 1/28 of the volume of B \ J¥_|' By, is covered
by B,

Assuming p - E=0, the L.L. Inequality in the form (3.4) applies to give
a recursion relation between the Fp :

U Baf 11U By
By W@ L qp

j=1

Frlp)= —= 1 Frlp)—ddp) (3.5)

for some d(p) = 0. Here, |J B, denotes the union of all balls of radius R,.
One can explicitly calculate the volume ratios and use the implicit recur-
sion to obtain

‘&' dip)

Fr(p)=(1/28) F,(28p) ~ u

(p) (3.6)

j=1

Since each d(p) >0 the quantity Fg (p)+ d,(p) is decreasing. This should
not be surprising since Fg, -+ d, is the free energy per unit volume for the
system obtained by restricting the particles to the balls in the covering; as
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R, — oo a smaller proportion must be constrained to the smaller balls (in
particular to the Bp, at much higher density 28p). Note that we do not
know that F(p) is decreasing as R, — co.

To show that Fg(p) converges, Lebowitz and Lieb demonstrate a
lower bound h(p) for Fg(p) which is independent of R. For if
Fr(p)>h(p) VR, then by (3.6) 37, [d(p)/28] < oo and d;— 0. Thus
Fr(p)+d,(p) is also bounded. By its monotonicity it converges to a limit
limy , , Fg(p)+d(p)=F(p). Because lim, _, ., d,(p)=0, this limit equals
lim, , ., Fr(p). If we take a different sequence of balls with radii R;— co
then, by on one hand packing the By R with balls of our original radu R,
and on the other picking our B, with balls of radii B &> WE Can see that
both sequences give the same llmxtmg free energy F(p). We can thus write
F(p)=limg_ ., Fr(p). Finally, let me indicate the lower bound that
Lebowitz and Lieb use.

Lemma. There exists a finite function A(f, p) such that for any B,
and N with p=N/|B,|. We have

Fr(p, B)=h(B, p) (3.7)

Proof. Recall the familiar Lieb-Thirring “stability of matter”
inequality:

Hyp> (z N)
i=1
for class of i that we have been considering. The same holds with a dif-
ferent constant C if we replace Hyz,= —4dy+Vy by —1245+Vy.
Inserting this into the partition function gives

Tr[exp(— BH y.5,)]> exp <BC 5 M—) Tr[exp(B/24x.5)]

i=1

The result now follows from the free particle free energy bound (see Fisher
(1964)).

3.2. Additional Properities and the Problem at 6E"

Notice that the convergence proof presented above offers no means of
determining the rate at which F, converges to F. The quantity [F— Fp,| is
related to the convergence of the d; to zero. The d, arise as errors in the
inequality (3.4) and are related to ratios of supremums taken over com-
plicated sets of functions. They appear quantitatively unmanageable.
However, Lebowitz and Lieb were able to deduce several qualitative
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features about the convergence of Fr and about the resulting limit.
These rely primarily on the convexity inherent in (3.3). In particular, they
prove the following theorem.

Theorem. The limit F(p) is a convex function on the set
E-={peRi4lp E=0}.

Proof. Let p=JAp,+(1—1)p, where p,e E* and / is a rational
number between 0 and 1. As I pointed out above, the limit £ is indepen-
dent of the sequence of balls converging to infinity. In particular, we can
pick a sequence {R;}°, and an associated packing of Bg, by {Bg};<, in
such a way that A proportion of balls of each radius R;, /> 1, can contain
density p; of particles and (1 — 1) density p, and the smallest balls B, con-
tain the necessary larger ratio. If we divide the p - |B,,| particles of B, in
this way and apply (3.4) we obtain

Fr(p) <7 [ S 1U Bul/1Br) Fa(p:)+ U Bayl/IBrl FRO(cm]

=1

k—1
F -2 [ S 1U Baf/IBr Fr(p2)+1U Bal/|Br FRo(cpz)]

/=1

In analogy with (3.5) this is

=AlFp(p1) +di(p1)) + (1 = A)(Frlp2) + dilp2)]
which converges to AF(p,)+ (1 —4) F(p,). |}

Since F(p) is convex on E™* it is continuous everywhere except possibly
at the boundary {p,=0 some i} of E*. Furthermore, F is a monotone limit
of continuous functions. To see this, notice that defining F, for all pe R’
by linear interpolation preserves inequalities (3.3) and (3.4). If {R;} % ,isa
sequence of radii corresponding to a particular p via the construction in
the proof of the limit, then the errors d,(p) in (3.5) are likewise defined by
linear interpolation. The same recursion exists and the convexity of the
lower bound / insures that it still holds. Hence, F (p)+ d.(p) decreases to
F(p) for all p. Since Fp, +d, is defined by linear interpolation it is con-
tinuous.

A simple advanced calculus argument shows that a monotone limit of
continuous functions converges uniformly to its limit on every compact set
on which the limit is continuous. The converse of course also holds. As
Fr(p)+di(p)=1/28F(28p) — X5 d,(p)/28, we see that d,(p) converges
uniformly to zero and Fp(p) converges uniformly to F(p) only where F is
continuous. The convexity of F on E* does not guarantee this at JE*.
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Notice that if Fp converges uniformly to F in a neighborhood of a
point p then we do not have to specify the particle density exactly when
taking the infinite-volume limit. That is, if Ng/|Bgzl—p then
Fr(Ng/|Bgl) = F(p). As Lieb points out in (4), this is important for the
practical reason that particle density can never be exactly pinpointed in the
laboratory. Lack of uniform convergence at {some p,=0} would mean
that our theory predicts that a few stray atoms whose nuclei are supposed
to have density zero could change the laboratory results. In the same vein,
notice that any density peR<%, is at “vanishing particle density” if we
decide to consider move species of particles in our analysis.

In the next two sections, I will indicate the problems that this difficulty
at 0E* caused in Lebowitz and Lieb’s paper.

3.3. Systems with Excess Charge

To apply the L.L. Inequality to the balls {B},_, packed in B, it was
necessary that p- E =0. Lebowitz and Lieb used the analysis implicit in the
proof of the L.L. Inequality to extend their result to the case p- E=Q #0.

Basic electrostatics tells us that any excess charge Q in a domain Q
concentrates itself on the boundary where it has energy Q2/2C Q|3 C
being the shape dependent capacity of Q. For a ball B, the charge concen-
trates itself uniformly on S,= @B, with density Q/4nR? The electrostatic
energy is thus

% 1
2 (4nR?)? *USRXSR m di (x) di (¥)

dgr = Lebesque measure on S;. By dilation this equals

% 1 1
3 @Ry’ (4nR?)? = ”Sl e ds(x) dg(g)

where now dy is normalized measure on the unit sphere S;. Since

HS ly dB(x)dB(}’)=f %d(x):l

1%.Sy IX— ‘ N l

the surface energy for B, is Q?/2R and C =1/(4r/3)"3. This leads to the
expectation that adding some excess charge Q to our otherwise neutral
system of Np=p |B,| particles in By results in a free energy per unit
volume that is approximately Fr(p)+ Q%/2C |Bg|*>. If Qg/|Br|** con-
verges to a “surface charge” b then we expect that the limiting free energy
density should be F(p)+B%2C. Except for the possible discontinuity
problem at 6E*, Lebowitz and Lieb prove this.
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To be precise, assume Ny E=0 and Ng/|B;| = p. (Fixing this density
precisely avoids undue complication arising from the problem discussed at
the end of Section 3.2.) Let ng - E=Qx with ng/|Bg] >0 and
Qr/|Bgl?* = B. The desired result is that Fr((Ng+ng)/|Bgl)—
F(p) +B?/2C. The method of attack incorporates the idea used in proving
the L. L. Inequality that the partition function is only decreased if we
restrict the class of functions over which the trace defining it is taken. To
get a lower bound on Tr[exp(—fHy, »5,)] we will restrict to functions ¥
for which the excess charge particles » are contained in a spherical shell
bounding, but disjoint from, the ball containing N. For an upper bound we
will add particles m to neutralize the system and then restrict to functions
y for which the m particles are in a spherical shell about the N+ # par-
ticles.

Since ng/|By| — 0 there is o, with ag/R — 0 such that n /e, R* — 0.
Let Sg=Bg\Bg ., The analysis implicit in the proof of the L. L.
Inequality shows that

Trlexp(—fHy i n5,)]
= Trlexp(—fHy g, 2,) ] Trlexp(—fH, 5, ) ] exp(W)  (3.8)

where (W) is the expected Coulomb interaction taken over the above
traces. However, as N-E=0 and H N.Br- g is spherically symmetric, the
earlier arguments show that (W) =0. Furthermore, if ¥ is any L2(Sg)
wave function then Tr[exp(—pfH,s,)]=exp(—pH, s, ¥)). ¥ can be
picked so that it approximates a uniform charge distribution in S, as
R — o0. Simply let ¢ correspond to charge clouds about the n particles
placed uniformly around Sj. Since n,/|Sg| = 0 this can be done so that
total kinetic energy {(—4,,¥)> is o(R’). Thus, {H, ¥, ¢¥>=
2C(Q%/|Brl*?)+ 0o(R?), the electrostatic energy of uniform charge dis-
tribution on a sphere of radius R. [For more details see (1).] This, (3.8),
and the fact that (W) =0 show

L (N+n\ _[Broul N 1/ 0: \2
F < Fr . R 0 3
(T ) < Pl e ) o 09)

Since

|BR—aRI N+I1 1
-1, lim Fp|—— )< F(p)+— B?
B, A ’*(um) W)+3¢

For the lower bound, add some particles m, to neutralize the system.
That is, suppose (N + ng+mpg) - E=0. Also, make sure that m/|B | — 0.



986 Hughes

Pick a, such that ag/R —0 and mg/agR* >0 and let Sp= By, ,. Bz By
our restriction technique

Tr[exp(— ﬂHN+n+mBR+,R)]>S{UI}> Z exp —fCHu s pimW; ¥, ¥ ¥ >(3.10)
Wit =1

where the supremum is taken over orthonormal sequences in L3, (Bg)
and YelL2(Sg) is an arbitrary wave function. As with the upper
bound, pick ¥ to represent a uniform distribution of the m, particler
in Sz The operator on L%, ,(Bg) taking &(x) to
j SSR LHy s nem®(x) - ¥(»)1¥(3) dy (see terms in the exponentlals on
right side of 3.10) becomes Hy , ,+ W, + 0%/2C | Br|'”* + o(R?), where W,
is multiplication by (g, [@,(y)/|x— y|1dy and @, is the charge density
corresponding to . The right side of 3.10 is the trace of this operator over

L2, (Bg). By our now familiar application of Peierl’s theorem, we see that

Trlexp(—BHy 1 ntmpriag) 12 Trlexp(=BH y i )]

x expl{ W, >+ [2—6—,%%4—0@3)] (3.11)

In this situation,

wo=] | PR P g - | m(y)UB 2el) dx:]dy

{x— Sk & 1x—yl

where @ is the expected charge density taken over Trlexp(—fHy ., 5,) ]
By our earlier analysis @ is radial with {, @ (x) dx = Q. By Newton’s
theorem, g, [Pr(x)/Ix—y|1dx=Qg/|yl for all yeSg Hence,
(Wy>=0r jSR [®,(y)/|yl dy. Since, ®, approaches a uniform charge
density as R-— oo, the explicit calculations at the beginning of
this section show that [g, [@,(»)/Iyldy—> —Q/C|Bgl"* and
(W,>—> —Q%C|Bg|'"”. The minus sign appears  because
mp E= —ng-E= —Qg. (3.11) now becomes

Tr[exp(—ﬁHN+n+m,BR+1R)]

| G e
=Trlexp(—PHy, n5)] €XP| — 3C1B |1/3+0(R )
R

which has free energy form

Fr(Nr+ng/|Brl) 2 Broogl/|Brl Frooag(Ng+1g+Mg/|Briol)
+ Q%/2C |Bx|** + o(R) (3.12)
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As (Ng+ng+mg) E=0and Ng+ng+mg/|Br ol — p, it is tempting to
conclude that the right side of this inequality converges to the desired limit
F(p) +B?/2C. However, we may be faced with the technical difficulty that
for some i p,=0 but n¥+m=#0. Then Fg(N®+n"+m®/|Bg|) is the free
energy density as we approach the point p € 0E*. A discontinuity in F there
would mean that we could not interchange these limits and derive the
desired conclusion. The situation p,=0, mf+nf#0 occurs if the excess
charge comes from the introduction of a new species of particles. The dis-
continuity would mean that our theory predicts that these particles render
some additional thermodynamic effect. Technically, it means that we do
not have the lower bound necessary to establish the thermodynamic limit.

3.4. The Grand Canonical Ensemble

The grand canonical ensemble defines the pressure 7 (u) by (2.2).
Basic thermodynamics requires that this be related to the free energy den-
sity by the Legendre transform:

H(uy=sup {1~ p— Flp)} (3.13)

This is what is meant in statistical mechanics by the “equivalence of the
canonical and grand canonical ensemble.” Notice that grand canonical par-
tition function 3’ e#* " Tr[exp(—pH ;)] is a weighted average over the
various particle number vectors of the canonical partition function. The
special character of the logarithm and properties of the free energy insure
that the logarithm of this sum is close (in comparison to the volume) to the
logarithm of the largest term. That is,

(B 1Bxl)~"'log ), ™ ¥ Trlexp(—BHy 5,)]

~ (B |Bgl)~"log max e? N Trlexp(—BHy z,)]

(BB max {Bu- N +log Trlexp(—BHy 5,) |

il

max {u- N/|Bg| — Fp(N/|Bgl}

This is the mechanism behind the proof that the pressure limit exists and
equals the theoretically necessary value given by (3.13).
The key step in this approach is contained in Lemmas 7.3, 7.4, 7.5 of

822/41/5-6-17
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(1). The upshot is the existence of a constant M(u), monotonic increasing
in u, for which

Z e N Tr[exp( —BHyp)12 27! z e N Trexp( —BH y 5,)

IN1 < M(p)|Bgl N
That is, densities in a bounded set contribute a fixed proportion of the
grand canonical partition function. Hence

Z eﬂu-NTr[exP(—ﬁHN,BR)]

IN] < M(p)|Brl

< ¥ eV Tr[exp(—fHy,z,)]

<2 Y. e’ M Trlexp(—BHy 5,)] (3.14)

IN] < M{p)|Brl|

The maximum of all the terms in the sum obviously is attained in the set
|N| < M(u) |Bgl. Combining this with (3.14) gives

max {e?¥ Tr[exp(—BH 5,1}

< Y e ¥ Trlexp(—fHy.5,)]

< 2[M(p) |Bg| )’ max {e# M Trlexp(—BHyp,)]1}  (3.15)

On taking logarithms and dividing by volume this gives

() =sup {p-p—Frlp)} +er(p) (3.16)

P

where ¢.(u) = Slog M(p) |Bgl|/|Bgl|, which -0 as R — co. [The maximum
in the brackets in (3.15) is always attained at a lattice point N/|Bg|. So,
there is no problem in going from (3.15) to (3.16).]

Since Fr(p)— F(p), the obvious tactic is to deduce from (3.16) the
analogous limiting relationship as R — co. This would simultaneously
prove the existence of the pressure limit and the equivalence of ensembles.
Lebowitz and Lieb used their analysis of nonneutral systems to show that
the supremum on the right side of (3.16) only needs to be taken over
neutral p, ie., over p e E*. The neutrality lemma proved in Section 5 of this
paper rigorously establishes this. That is,

(W)= sup {u-p—Fg(p)}+erln) (3.17)

p-E=0
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Operating under the assumption that the neutral free energy Fj converges
uniformly to F on every compact subset of E* (in particular, on the set
lp|l < M(u) where this supremum is attained), Lebowitz and Lieb con-
cluded from (3.17) the desired limiting behavior.

A proof of the continuity of F(p) at dE* would make this argument
fly. However, as I mentioned in the Introduction, the proof of the con-
tinuity of F presented in this paper depends on two things. First, Feffer-
man’s independent analysis of the infinite-volume limit for the pressure = is
uniform as some ui - —oo; second, the equivalence of ensembles (3.13)
converts this into a statement about F as p, — 0. That is, to relate Feffer-
man’s analysis and Lebowitz and Lieb’s analysis for the resolution of the
continuity problem, we must know that (3.13) holds. Fortunately, (3.13)
can be proved without the relying on the boundary continuity of F(p).
Initially, I did this by showing that terms corresponding to N around the
mean particle number N contribute a dominating portion of the sum.
However, as a conversation with Lieb revealed, the fact that (3.17) implies
(3.13) can be proved using only ideas implicit in Lebowitz and Lieb’s
paper. I will present this argument here.

The reason that the problem at dE- might prevent the convergence
of sup,.z_o{u p—Felp)} to sup, p_o{u p—Flp)} is illustrated
graphically in Fig. 1. It represents Fp and F along a curve in E*
parametrized by p; as p,—» 0. Even though the limit F(p) is convex, the

FR(pl)
F( p; = 0) {
F(py)
lim
F(p) g
Pi*O
c T
R 1 P
oy 3 .

Figure 1
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finite volume F, may not be. If F, were “very nonconvex” then a sequence
of “spikes” at points p®% — 0 could make

sup {u-p—Fp(p)} = p- p®—Fp(p®)>C+pu- p— F(p)

=C+sup {p-p—Flp)}

When I presented Lieb with this possibility, he argued that the convexity
implicit in (3.3) prevents such an anomoly. In terms of the picture, he
reasoned that (3.3) should imply that some point on the graph of F would
lie below the line joining lim, , o, [pX, Fr(p®)] and [p, F(p)]. This is the
essential idea in the proof presented below.

Proof of (3.13). First assume that sup, {y-p—F(p)} is attained at
some peint(E*). Since F(p) converges to F(p)

sup {p-p—F(p)} = p-p—Fr(p)

=u p—F(p)+er(p)
=sup {u-p—F(p)} +ex(p)

o
with ez(p)—>0 as R—oo. Hence, limg._ ., sup,{u p—Fglp)}>
sup,{#-p—F(p)}. The corresponding bound for the Iim is more
complicated. Assume to the contrary that there is a constant C>0, a
sequence R, — o0, and a sequence p, > p,, € 0E- with p-p,— Fi(py)>
C+sup,{u p—F(p)}=C+p-p—F(p), There is ¢ with [g]—>0 as
k— oo for which F,(p)+e.(5)= F(p). Hence, the negative assumption
implies that p-p,— F(p)>C+p p—Fi(p)+¢,. Pick k large enough
that |¢,| < ¢/2. The above inequality now gives

F(p)—Filpi)>c/2+ 1 (p—pi) Yk (3.18)

Given k, there is large enough R, (k) so that any ball By with R> R, can
be packed with disjoint balls with radii contained in {R;} , in such a way
that all but 1/k proportion of By is covered. Assume that this is done with
an even number of balls of each radius. Place density g in half the balls of
each radius and density p, in the other half of the balls of radius R, for each
i. Let pr=Y2 .U Bg|/|Bgl p; (Only finitely many terms will be non-
zero.) By the L. L. Inequality

1 1_ = |\ Bgl
FR(EPk,R'FEp)g‘z )

[Fr{p)+ Fr(p)] (3.19)

&
.
N =
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As k and R>R,(k)—>, pur—po and 50 bopt 30— Hpw+p)e
int(E*). As Fy converges uniformly on compact sets of E* away from JE-,
the left side of (3.19) converges to F(1(p. + p)). Examine the right side.
For each i,

SLFR(p:) + Fr(p)]1=3[Frlp:)— Fr(p)1+ Fr(P)
By (3.18) this is
< -

+su (Pi—P—)+FR,-(ﬁ)

1
2

E-N e

1 _ _ _

e

If we now average over >°° , [{J Bg|/|Bgl| and let £k and R> R (k) - o,
we see that the limiting right side of (3.19) is
Pot P

<—5+u(P2) - - Al

Putting this together with the limiting value of the left side gives
- - ¢ Pt P Post P
p—Fp)g —= —F
pep—F(p) 4+u< 5 > ( 5 )

a contradiction to the choice of p as maximizer.

If sup,{u-p—F(p)} is not actually attained, but equals
lim, _ ;cop{pt pr—F(p,)} then the same arguments work by picking
peint(E*+) which gives a value u-p—F(p) arbitrarily close to the
Supremum. |

3.5. Explicit Low-Density Calculation of the Free Energy

A corollary of this section is that F is continuous at p =0. This a priori
knowledge will simplify the proof given in Section 5 of continuity at
arbitrary other points p € 0E*.

Standard calculations of the free energy per unit volume of a com-
pletely ionized ideal gas of electrons and nuclei give the low-density
asymptotic form f'Y3_, p;In p,. For the neutral systems that we have
been considering, Lebowitz and Lieb’s methods can be used to prove

Fo.p)=F" % pitnp+0( 3 0) (3:20)

i=1

{where O(35_, p,) depends on S].
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Lebowitz and Pena dealt with this in Ref. 4. Owing to a technical
oversight, they actually only proved

p! Z p:lnp;+0 (Z pl-)
< F(B, p)
<5 S (3 p)+0(3 0 (321)
i=1 i=1 i=1

Notice, however, that even the weaker (3.21) is enough to establish con-
tinuity of F at p=0.

The lower bound in (3.20) is easily derived from the stability of matter
inequality mentioned at the end of Section 3.1 and bounds on the ideal
Fermi or Bose gas partition functions (Fisher (1964)). I will modify
Lebowitz and Pena’s method to establish the necessary upper bound.

Lemma. There is k(e;,.,e,) so that if Y3_, N;-e;=0 and
Ss_, N;>k(ey,.,e,), then N=N'+N? with N'-E=N*E=0 and
N'50, N*#0.

Proof. Given ¢;<0, ¢;>0 let k,=min{k,+k;>0|k,e;+k,e;=0}.
Let k=max,, .o o{k;}. Notice that each k; can be written k;=k,+k;
and so k can be written k=ky,+Kk,o. Let e=max, o, -ollel/e;+
e/le)l}. Suppose X5_  N,>s-e-k with 33_, N;-e;=0. Then, N;>k,,
for at least one i with e;<0 and N;>k,,, for at least one j with ¢;>0.
Let N' consist of k; species i particles and k; species j particles and let
N?=N-—N.

Corollary. The N particles can be divided into at least M=
(X:_, N)/k(ey,.., e;) neutral “atoms” A',.., A, each with <kf(e,,..., e,)
particles. In general, many of the atoms will be identical.

Pack Q with M balls B,,., B,, of equal volumex|Q|/M=
C|Q|/(X5_, N;). The L. L. Inequality applies to give

Trlexp(—fHy o)1 > H Trlexp(—fH 4;5)] (3.22)

Jj=1

This inequality can be strengthened to

s CM Ni M
Tetexp(—pHna1> 11 (G7) [T Trlexn(—BHug)] (329
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for the following reason. Recall that the L. L. Inequality in the form (3.22)
is obtained by restricting the wave functions over which the trace is taken
to have their supports in the union of the statistically dependent per-
mutation copies of X% Xs_ 1Bj"l:S c Q=M If two atom 47, A* with
A’ # A* interchange balls then this gives rise to another subset S’ of Q* i
disjoint from S. Denote those L%(£2) functions with supports in S and §’
by L*(S) and L*(S’), respectively. The disjointness of S and S’ implies
orthogonality of L(S) and L*(S’). The number of mutually disjoint sets S
clearly dominates M!/N!--- N !, which dominates []_, (CM/N,)™. (3.23)
is obtained by adding the traces taken over the associated mutually
orthogonal L*(S).

Now deal with a given Trlexp(—fH 4 )] Here I mimic Lebowitz
and Pena’s paper.* First, divide the 1nd1v1dual particles of the atom A’
into disjoint subballs of B]", k=1,.,>3_, A4, with equal volume
~C|Q|/M (ie, one particle per subball). The L. L. Inequality applies
again to give

Trlexp(—BH 4;5)]1>[] Trlexp(CP4, 5)]- exp< W) (3.24)
k

It is easily calculated that after taking logarithms and dividing by volume
the Coulomb term (W) gives rise to an additional quantity of size
O((Z. p;)*?), which from the point of view of (3.21) is negligible. By
elementary ecigenvalue asymptotics for A4, we see that

Tr[exp(CﬂALBj/;)] =>Cp 7 |Bf |~ Cp~ |Q|/M (3.25)
Modulo the negligible Coulomb term this gives

J

Trlexp(~BH 1151 f[ (C121/M)N

and hence from (3.23)

Trlexp(— BHyo)1> [] (C1QI/N)N

i=1

Take logarithms and divide by - || to obtain (3.21).

4. FEFFERMAN’'S ANALYSIS OF THE PRESSURE LIMIT

In Ref 3 Fefferman proves that the infinite-volume pressure limit
exists for a quantum mechanical system in which the nuclei are fixed on a
lattice. Because the lattice system lacks the rotational symmetry to discount
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the Coulomb interaction between disjoint neutral balls, the method of
Lebowitz and Lieb does not work for this system. Fefferman develops
powerful and general techniques for comparing the real Hamiltonian to
one in which we neglect the interdomain interaction. This analysis carries
over to the case of quantised nuclei, where it simplifies considerably.
Except for minor modifications convenient for the resolution of the discon-
tinuity problem, the following is a straightforward application of Ref. 3 to
the case of quantized nuclei.

4.1. Qualitative Preview

The essential ingredient in Fefferman’s analysis is the following.

Fefferman’'s Inequality. There is a constant k(u, f) with the
following property. If 1< R, <R, - <R,, is any sequence of radii with
R >2./3R, there is R (M,R,)(~CM**R%) such that if
R>R,(1/M, R,,) then

k M
Y eP N Trlexp(—fBHy )1 <exp [(HT’B)] Bl H

< AT Trlexp(- )17 (41

where C;=(1/M)(|Bg|/|Bg,|) is the number of balls of radius R; used in a
special covering of Bp.

Notice that if the sums are restricted to neutral N then the L. L.
Inequality applies to give (4.1) in the opposite direction and without
exp[k(u, B)/M] |Bgl). The two approaches complement each other in this
way. If the logarithm of both sides of (4.1) is divided by f|Bg| an
inequality relating the pressure results:

1 M
anbl, o X i fp B) (42)

As Hg(p, B)>0 for all p, B, R, lim,_, I g(p) exists. When applied to a
sequence R, for which IT,(u) approaches lim 5 , , ITg(1), (4.2) allows us to
conclude that Tim, , ., T (1) =limy_, o, (1)

The special covering needed for Fefferman’s Inequality is given by the
Covering Lemma in the next section. We will deal with a family of
coverings {4, .} depending on a parameter t corresponding to uniform
translations of the sets in a particular covering {u,}. Fefferman defines a
“phony” system in which these sets {u,} are jreated as disjoint independent
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subsystems. The phony Hamiltonian HR,, does not include any Coulomb
interaction between different u,. Because of the independence of these sub-
systems, the grand canonical partition function for HY', factors as a
product of those for the u,. (4.1) is an approximation to this factoring for
the real system. To get it, Fefferman relates Hy p, to an average over trans-
lations 7 of the HR; corresponding to different coverings {u7}.

4.2. Details

The number (C;) of balis of each radius R; used in the special covering
of By is approximately (1/M)(|Brl/|Bg|), where M is the number of dif-
ferent radii. This means that the proportion of volume of B, covered by the
balls of a given radius R, is approximately 1/M. This requirement is impor-
tant for the comparision of H 4, and avg, HY';, mentioned above. I will
postpone the proof of the following until its technical importance can be
better appreciated.

Covering Lemma. Let {R,}7, be real numbers with
R,>2 \/5 R,_,. Disjoint balls of radii {R;}# , can be packed into R® in
such a way that if By has sufficiently large radius R then
(M+6)< | Br,nBrl/IBpl <1/(M+5)V;. As usual, [} By, denotes the
union of the balls in the packing with radius R,.

Apply the Covering Lemma with R, > 1. We can complete a covering
of R? by including slightly overlapping cubes. First, decompose R® into a
grid of disjoint unit cubes. Then, enter into the covering the double of any
unit cube which intersects the complement of the balls already in the
covering. Call the sets in this covering of R*{u, }. That is, a given , may be
either a ball or a cube. Notice that ¥ cupes u, |4, 0 Brl/|Bgl < C/M. There is
a partition of unity

Y or=1 (4.3)

]

for which each function &, has its support contained in its corresponding
u,. Assume that it is constructed in the following way:

1. For each radius R;, there is a smooth radial function @, supported
in Bg(0), indentically 1 on Bg,_,(0), and [02®,| < C for |a| <3, so that if
u,=Br(y) then @ (x)=d(x— y).

2. If u, is a cube then assume that |02®,| < C for |af <3.

We are now in a position to define the phony system.

Let By be a large ball on which our system is defined. Conéider only
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those u, which intersect B;. As mentioned earlier, we treat the u, as dis-
joint. This is accomplished by taking an “exploded” view: to each u, which
intersects B correspond a vector &, € R? in such a way that the u, + ¢, = ul
are all disjoint. The Hilbert space for our phony system is L2 (U uT) The
phony Hamiltonian acting on L3,({J u]) is defined by

1€;
|x ! ] (4.4)

H?\IhBR_ —dy, UuT‘{‘Zy 3 Z XuT(x X T( )

i, j.k,1

where 3% denotes the sum over all those u, which are balls and which inter-
sect B and where y, is the characteristic function of the set ul It takes
into account the Coulomb interaction only between particles in the same
ball ul.

Because the «] are all independent in the phony system, the partition
function -decomposes as a product of the partition functions for the ul:

Y, e’ N Trlexp(—BHE ;)]

N20

={ ) eﬂﬂ~NTr[exp(~ﬂAN,uy)]}

cubes u,
st.uynBp# J

% { Hf( Y efun Tr[exp(—ﬁHN,u.,)])}

Nz0

<enp| 208 ) [ L1 e Telenp- i)} (65)

NzO

where [1F¥ has meaning analogous to > X We have used (3.7) with
(B, u) = ch(B, 1) and the fact that 3 cupes, [, 0 Bel/|Brl < C/M.

Fefferman’s Inequality results from a comparison between the left side
of (4.5) and the same quantity with HR!, replaced by H z,. The first step
is to pull H}', back to an operator on L2 +(Br). The partition of unity gives
rise to an 1nject10n ii L3(Bg)— L3(UJ ul) that accomplishes this. Any
yeul is uniquely expressible as y =X +¢,(y) for some X eu,. Extend
any eL %(Bg) to be zero outside By and define i € L% (| ul) to be

WOt ) =00 X T T 00000 46)
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where y¥=X¥+¢(yF). iy clearly satisfies the correct symmetry
requirements if ¢ does. Check that the inner product is preserved:

j j Wy ) By ) df
W N

= X df"'fl!ﬂ( YEe k.)dy

Vi aes Ny

Tire¥y u;{x...xukvs
where the sum is over all 3°_, N,-tuples of the y in the indexing set of the
ul (ie, of the u, which intersect By). The above equals

zzj H (- Xk)ﬂﬂ¢2xk)dy

ic1ket
Pioee ys ulxxuN:

Because supp(®,) = p,,, this equals

s N

=f- : -W(..,Xf...) &(.x)[] T1 [}: ®§(X?):l dx

B‘;’ i=1k=1

As ¥, ®2(X¥) =1, this equals (W, @) 2, Note that i is definitely not
onto. This is because each i satisfies a compatibility condition due to the
fact that one point x € B, can correspond to more than one point in {J u].

This injection pulls H%'p back to an operator Hj z =i*o HRfy oi
acting on L3(Bpg). Since i maps orthonormal sequences {wk} L N(BR)
to orthonormal sequences {if,}<Li(Jul) and <{HYyp ¥, ¥) =
CHRPp W, ¥ >, the definition of trace as a supremum gives

Trlexp(—BHYy 5,)] < Trlexp(—fHY 5 )]
Summing over N and using (4.5), we obtain

Zeﬁ” M Trlexp(— BHNBR)]

N

C(B, R
<ep| SO B |1T] T o Teloxp(-pri,, 1} @)
M ¥ N=z0O w
Suppose that we now translate each set in our covering {u .} of R® by a
fixed vector e R’. Call this translated covering {u, . }. It gives rise to a dif-
ferent collection of sets which intersect By and a different partl\mon of unity
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Y, P2 (x)=%,PA(X—1)=1. Hence we obtain a different Hilbert space
L3(Uul ), a different injection i,: L3(Bg)— L3(Uul,), and a different
operator HY , =i¥o HY; oi.. (4.7) still holds with Hj , and {u,.}
replacing H', 5 and {u,}, respectively. Notice that for any 7€ R* the quan-
tity on the right side of (4.7) depends only on the numbers of balls of each
radius R, in the covering {u,.} that intersect By. By the covering lemma
this differs from the ¢; in the statement of Fefferman’s Inequality by
O(1/M?)(|Bg|/|Bg|). We absorb this in [c¢,(B, p)/M]|Bg|. Therefore,
independently of t, the quantity on the right side of (4.7) is

<exp [cl(ﬁu) 1BR|]. il { ¥ eﬁwvTr[exp(—ﬂHN,BRi)]}c'

i=1 \N20

Now, for some large ball B, define the operator H , =avg. g, Hy 5,.
That is, for Y € L3(Bg) HY p ¥ (. X5..) = (1/|B,|) { 5, HYy p W(..X%...) dr. An
elementary calculation (using 2ab < a® + b?) shows that for operators A4, B
acting on the same Hilbert space, Tr{exp[$(4+ B)]}<
YTrlexp A1+ Tr[exp B]) as long as both sides are well defined. This
inequality generalizes to continuous averages. When applied to operators
HY g, 1t gives

Y e’ N Trlexp(—BHE 5,)]

< exp [cl(}[;u) |BRI} ﬁ { 5 eﬂu-NTr[exp(—/}HN,BRi)]}q (4.8)

i=1 \N=0

The major effort in Fefferman’s analysis goes into proving the follow-
ing theorem.

Main Theorem. In the above setting, if the smallest balls in the
covering have radius R, > R, and if the ball B, over which translations 7
are averaged is large enough, then HF, <(1+C/M)Hygz,+
(C/M)Y5i_, N,, with C independent of R and N.

Let ¢e=C/M and let & be the s-tuple = (s,..,, ¢). Plugging the Main
Theorem into (4.8) gives

Y P N Tr{exp[ —B(1 +¢) Hyp,]}

N

< explei(B. welBai1 T1 { Y N Teles(—pHp))}  (49)

i=1 \N=20
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Claim:

Y. e N Trlexp(—BHy 5,)]

N

< explea(B, we|Bal1 Y e?* =2 ¥ Tr{exp[ ~B(1 + &) Hy 5,1}

Once this claim is proved, (4.9) gives
Y. e N Trlexp(—BHy 5,)]
N
< exp{Le,(B, )+, w1 ¢ 1Bel}- [

=

x { T e N Tr[exp(— ﬂHN,BRL_)]}C’ (4.10)

Nz0

—_

(4.10) is Fefferman’s Inequality with e=C/M and k(B u)=
c(B, 1) + co(B, u). When we discuss uniformity of the convergence of
I x(u, B) to II(u, B) in Section 5 we will consider ¢, and c, more closely.

Proof of Claim. Notice that

BIB.l log % Pt N Tr{exp[ — (1 +¢&) Hu 5,1}

= Hp(n—& (1 +¢))

As is easily checked by examining its derivatives, I14(u, f) is convex in
both u and B for each R. Estimate (3.7) shows that I, is bounded above
by the free particle pressure. Like the free energy density lower bound
h(u, B), this bound can be calculated and shown. independent of R. As
I e(n, B)>0 for all g, B, R also, the convexity implies that ITg(y, f) is
uniformly (in R) Lipshitz on bounded px f sets. Hence
T p(u— & B(1+e)) — gy, B)l <cy(u, B)e. Multiplying by f|Bg| and
exponentiating gives the claim. |

Since  (d/0p;) Hg(p, f)>0 everywhere and lim,_  (6/0u;)
M (1, B) =0, convexity implies that the c,(u, ) is uniform for the y, boun-
ded above and f in bounded sets. This will be important in Section 5.

4.3. Proof of Main Theorem

Recall what needs to be proved. For each 1< R® we have a covering
{u,.} of By defined by the Covering Lemma, an associated partition of
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unity 3, @2 =1 given by (4.3), an injection i.:L3(Bg)— Ly(Uu].)
defined by (44), and the pullback of HYj; to an operator
HYy g, =i¥o HY oi, on L}/(Bg). For some as yet unspecified large 4, we
defined the operator Hf , = avg. .5, H}, 5,. For d large enough we want to
prove

a0 <(1457) s )+ 55 £ 8) v @1

for all yre L%(Bp).
Temporarily fix a ¢ and suppress the framework’s dependence on it.
We have

NBRl// l//> <HNBR"//> “I/>’ l//GL (BR)

HRP, . has a kinetic energy term and a potential energy term. First handle
the kinetic energy term:

(= Ay @), (W) = Z IIVN(ll//)IILz(ul )y, (4.12)

Recall that (..., X§+&p.)=¥(., X5 )T TIRE ) @,4(XT). Use the
trivial equality (proved by integration by parts) [V(@(x)y(x)[%.=
[1®]>~ [ ®AD - || to see that (4.12) equals

T T 03000 1Vt X7 X

—;%Z ZNj"'j[( ) <1>§/_<X,’-)) HXE) 4, Py (Xk)]

=1 k=t okl Uh#k)
X (X512 dxdr..dx s

If we take the sums inside the integrals and use the fact that 3, #2=1, we
see that this equals

= VoWl - 3 Y X[ (19,00 40, 008)]

i=1k=17y " .
R

X W (o X5, )\ 2 dxrdX
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By the antisymmetry or symmetry of y in each variable, this equals

Vbl 3 N ] [ 20,00 80,00 | W X505 2

i=1 B/[;/

N\
X dxl..dx!..dxY dy (4.13)

Hence, we see that the kinetic energy for the phony system equals that for
the real system except for an error corresponding to the expected particle
density in the support of X, @, 4® , ie, where multiplication by @,
changes the derivative of .

Now, average (4.13) over translations t in some ball B,(0). The only
change is that Y, &, (y)AD,(y) becomes [B, ' (5, D,(y+1)
A®D (y + ) dr. Except for an error O(1/d) coming from u, at a distance d
from y this equals

BN Y [ ,40,4x (4.14)

y st
wy N Bi#

The properties (4.3) of the @, allow us to estimate (4.14). If u, is a ball of
radius R; then

quymvdx:j ® (x) 4D (x) dx

By,

Since @;=1 on Bi , and |4®,[<C by assumption, this quantity is
<CR?. The number of balls of radius R, which intersect B,y) is
<|B,| |Bgl| ™' [1/(M +5)]. Therefore, the part of (4.14) corresponding to
balls has total contribution

1 ! 1 1 1 ad
<1 3 184 184 (55 OB = (555) & CR

i=1 i=1

Since R;,,>2R;, R,>1, this is <C/M. (The constant C has of course
changed in each line of the inequality. It can be taken as 10.) As the first
three derivatives of the & for cubes u, are bounded, they contribute
something bounded by their proportion of the volume, i.e., by C/M. Hence,
By~ {5, 2, @ (p+1) AP, (y+ 1) dr < C/M. As long as d is large enough
to make the error O(1/d) at 0B,(y) negligible, we can plug this into (4.13)
to get the kinetic energy part of {H ; ¥, ¥ ) equal to [V 7z, modulo
an errot C/M(Ci_  N)<y, ).



1002 Hughes

The potential energy term in {H , ¥, ¥ > is more complicated. For a
given {Hjy z W, ¥ it is

R eiej ) )
<(Z§ Ry IXff—X;i)""” ”‘”>

(k) # (D)
X1

€l€j
=[ 'J[szk; XX f kﬂ ¢‘“’(Xk”)]
Eu J i=1 1
2 @Y% G

3 W (s X5, )2 dxh o dXO:

- [ f{% 3 [T)’(g)ﬂ 5 @2(X"+1)¢2(X’+T)B

B (i.k) # (jx1)
X (.. X5 dxb.dXDs

where Y %* is the sum over all those y for which u,
{u, +r}mBR7$® For k° defined on R’xR’ by k'(x, y)=
|x—y| ' 2R PAx+ 1) DIy +7), this quantity can be  written

i kT(X" X’)l,b ¥ ). Now average k* over a huge ball B,0). This
yields a potential

is ball with

K7 (x, 9)= 1B K(x ) e

d

R,
=x=y 7B Y Bt ) @Yy ) e
d y

If |x — y| > 2R,, this quantity is zero. If |[x — y| <2R,,, then, except for the
error O(1/d) as with the kinetic energy term,

M

1 1
o=t 1807 3 {8 180 o (57

X J DL (x+1) Py(y+1) dr}
r3

=[M1+6 ( )]Zl—y!‘l * P H(x—y)

IBR!

A potential k(x, y)=k(x~— y) gives rise to an operator V[k]

on L%(B) analogous to the Coulomb interaction operator:
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VIET Y (o XFo) =5 2 (1) 2 Gy €16FK(XE — XY (..., X%,...). In Ref. 3, Feffer-
man analyzes in detail the operators V[k] associated with certain
“Coulomb-type” potentials k. The simplest examples of such potentials are
those k € C*(R?) for which 8*k(x)/0x, < C|x| '~V |&| < 3. For such k, he
proves that V[k]< C(Hy g, + CY3_, N,) as operators on L%(By). This is
given in Lemma 4 of Section3 of his paper.”’ Lemma 4 actually
establishes the inequality for a more general k satisfying

|0%k(x)| < C, |x| 1 for |e|<2and all x (415)
and |0%k(x)| < Cy |x| ~* for || =3 for all x expect possibly '

those in one of the annuli 4,=B,, ,\ B, _,. Here R, R,,.. may be any
sequence satisfying R, | /2R and R, > 1. Since the proof is rather long
and detailed, I refer the reader to Ref. 3. We will apply this result to prove
that VIk* 1< Vx| ™' 1+ (C/M)(H y g, + X, N)).

- k#x)>( 2 ) [5ms+o (5m) W 3 2 e

i=1

>l e Y 12 P (416)

i=1

Let us examine the potential [x| ™' 3M | [1— (D2 x ®2/| By |)(x)], which we
denote k. As is easily calculated, |0%(D? % diz/‘BRl)( )| < C/RHH1Y for
la| <3 except when |«| =3 and x the annulus B,z |\ Bys,_, where it only
satisfies [0%(@] * @}/|Bg|)(x)| <C. [To see this, write $?=X, * & for
some  PeCF[B,(0)] and notice that (1/|Bg|) X, * X (x)=
X * Xp,(X, /R) 1 This means that £ satisfies the assumptions of Fefferman’s
Lemma 4 on Coulomb-type potentials. However, since we have to sum
i=1,.., M, the constants C, m (4.15) are proportional to M. For example,
for large x, k(x)=M |x|~'. This will give a bound on the order
CM(H y p,+>_, N;), which is clearly not good enough.

Since k may be replaced by —k in (4.15), the lemma in Fefferman’s
paper gives both an upper and lower bound. We only need to prove the
lower bound V[|x|™'—k*]2(C/MNHyz,+35_, N,). The potential

Zj‘fl @? » 1/|x| * ®? has the _same quantitative behavior as k. Let £,
and k, be the ith terms of £ and k respectively. Using what we said above,
it is easy to see that

(K + k) (x)=0 if |x|>2R,,V

¢ 1
S___
R YT

if x| <2R,

822/41/5-6-18
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and || < 3 except when |a| =3 and |x| e (2R;— 1, 2R, + 1), where it is only
bounded. Since R, >1 and R, > 2R, this implies that & + k satisfies Fef-
ferman’s generalized Coulomb-type potential assumptions. His Lemma 4
applies to show

Vik+k] <C(HN,BR+ 5 N,) (4.17)

i=1

where now C is independent of the number M of different radii.
Now, notice that V'[£] has the special feature that it is within an error
C(X5_, N;) of being a positive operator. Consider the jth term:

- 1
VIk (. X5D)= Y eiej@f*l?*@ﬁf()(f—Xj)

(k) # (.1} |

={. .. e,d%(u— X*) e;®(v— X*) | ju—v| =" dudv
) 2

RixRI 0k ok
—ZE?J' . .j(pg(u) D2(v) lu—v| " dudv
Lk R x R3

By elementary potential theory (actually the fact that —A has positive
spectrum) the first term is positive The second term is easily calculated to
have absolute value (C/R;) 3., . If we sum over i=1,.., M and use
the facts that R, >t and R,+1> 2R,, we get

Vik1= -C ¥ N, (4.18)
i=1
Now combine (4.16), (4.17), (4.18) to get

Vx| == VIK* 13 VI 114 VIR

< V[lx|_1]+—€ V[k] +£ V[k k)

M2 M
_ C g C
= 2V[ix| lj—ﬂiglNz M<HN:BR+l¥1N>
C 5
2‘—_M<HN,BR+CI§INZ

as desired. |1
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Proof of Covering Lemma. Let R,,.., R,, be radii with R, >1 and
R, 22/3R. Llet Q be a cube with |Q|>2M?|B,,| and let
c;€[1Q] |Bgl '/(M+6), |Q| |Bg| "/(M+5)]. 1 claim that Q can be
placed with ¢, balls of each radius R; so that all the balls are disjoint. Prove
this by induction. Assume that ¢, balls of radius R; have been packed into
Qfori=M,.,j+1. Let Q>=0Q\U¥,, U B, It is enough to show that
1/(M+5)-10Q]-|Q/| 7! proportion of the volume of £/ can be covered by
disjoint balls of radius R;. For since |Q| >2M? |Bg,| we can adjust the
number of balls to put ¢, in the proper range. As |Q/]=
QI =2, 1ci|Bel = QI LG +3)/(M+6)], 1/(M+5)-10]-12/] " <
(M+6)/(M~+5) [1/(j+5)] Using the notation Q/= {x |x —Q/)°| > d},
we must show that leR|/|Qf| = (M+6)/(M+ 5) 1/(j+5). (Recall the
discussion of Lebowitz and Lieb’s packing in Section 3.1.) Let the side
length of Q be denoted by /:

M
QISP = ) ¢|Bg<P

P=j4 1

M—j
— —— P |Be] Brl=P1-—2
”ZHMM Bl 1Bl =P (13772

Q%58 > (P =3RY ~ % MTEP |Br) ™" B +/IR)
i=j+1

(158 s £ (A7)

i=j+1

The necessary inequality is

RY 1 X R
1-32) ——— ¥ (1452
< V3 1) M+5, ,+1< +ﬁR,.> _M+6 1

j+6 TM+5j+5
M+6

(4.19)

Elementary calculations show that R, ,>2 \/3 R, and /> MR,, give
(4.19) for all j=1,.., M —1. The case j= M is trivial.

Now decompose R® into disjoint cubes Q of side length /. Pack each
with ¢; balls of radius R, for i=1,., M so that all are disjoint. Then
for large R (say, R=zcl*), the number of cubes which intersect 0B,
is  <c(RY|Q)). Hence, | BgnBgl/|Bal <1/(M+5)+[1/(M+5)]
1Q)/|Brl - cR*/1Q)| < 1/(M+5)(1+¢/R). Similarily, [U BgBgl/|Bsl >
1/(M +6)(1 —c/R) and the lemma is proved. J
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Notice that the R, (M, R,,) in Fefferman’s Inequality can be taken as
cl*=c(M**R,)* = cM*?R%. This can certainly be improved. For the pur-
pose of Section 5 (and hence of this paper) any crude but definite value is
sufficient.

5; CONTINUITY OF F(p) AT 0E+

In Section 5.1 I will show that lim, _, , 1T z(u) is uniform as some com-
ponents u;, » —oo. In Section 5.2 I will show how this resolves the problem
at vanishing particle densities.

5.1. Uniformity of limg_  ITo(u)

The proof combines the L. L. Inequality and Fefferman’s Inequality in
the manner indicated in the comments after the statement of Fefferman’s
Inequality in Section 5.1. For this to work, we need to work with neutral
N.

Lemma « (Neutrality Lemma). Let u,=max, o {#,0} and
p,=max, o {#; 0}. Then

S oM N Tr[exp(— By 5]
" <kWBR) Y M VTrlexp(—BHWB)] (1)

N-E=0

where (1/|Bgl) |log k(u, B, R)| <c(p, B)/R* + (u2+p2)/R* and c(u, B) is
uniform for all ;< const and f > const.

Proof. Assume e, <0, ¢,>0, ,=p,, and u, = u,. By dividing H p,
by e,, we can assume ¢, = —1. The lemma is proved by associating to each
NeZ%, a unique neutral N and then estimating the contribution coming
from all terms corresponding to a given neutral N by the neutral term itself.
Let NeZ%,. If N-E=p>0 then [N+ (p,0,..,0)]- E=0. In this case,
associate N with N+ (p, 0,..., 0). If N- E=n <0, then for ¢ the least integer
greater than n/k and p=gk—n, [N+(p,¢,0,.,0)]- E=0. In this case
associate N with N+ (p, ¢, 0,.., 0). Now assume that N- E=0. For p <Ny,
we can estimate the term in grand canonical partition function
corresponding to N°=N—(p,0,.., 0) by the one corresponding to N. By
the analysis leading to the L. L. Inequality we can put p electrons in the
domain Sp= Bz, \Bx and the other N— (p, 0,..., 0) particles in B, and
obtain

Zexp{_ﬂ[<HNﬂ,BR¢na l//n> + W(l//n! !p) + <Hp,SR9 l//a ‘/’>]

< TT[CXP(_ﬁHN,BRH)]} (5.2)
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where {y,} are the eigenfunctions for Hy, 5., ¥ is any statistically correct
function on S%, and W(y,, ¥) is the Coulomb interaction between the N*
particles defined by i, and the p electrons defined by . Peierl’s theorem
tells that (5.2) dominates

Trlexp(—BHy,5,) ] exp(—=B<H 50 ¥, ¥ > — B ]

where (W) =g, [ [®p,(x) Psy(¥)1/Ix— y| dxdy for &, the average
charge density taken over the ensemble Tr[exp(—fH yo5,)] and @, the
charge density arising from the as yet unspecified . We know that &, is
radial and |, ®p,(x) dx = p. This means that for each ye S,

i
Iyl

Now pick ¢ so that exp(—f<{H, s, ¥, ¥ > — B{W)) is reasonably large:
Place p uniformly around the sphere B, ,, and define y ( P=%(y—y)
for some CP(S ) radial function >0 with | |§|*= 1. Assume §’s support
is chosen small enough that the supports of the ¥, are mutually disjoint.
The function

| @) lx—yl " dr=

1
ol

Y (X5 X,)= Z (—1)*"B, l//E(l)(xl)"'l//B(p)(xp)

“bell,

is antisymmetric on S% and has L* norm 1. As is easily checked,
(=Y, > = pPR™ Also, [ [ -V hdx dx,=3%,,,
|yi—yi ' <Yp¥R). Also, (W)= —p¥(R+1H~ —p*R Tt follows
that exp[ —B({H, 59, ¥ ) + <WH)] = exp[B(p*/2R — p*°/R*?)] 2

exp[ B(p*/3R)], which shows

TT[CXP(‘ﬁHNP,BR)] <6Xp[—ﬁ(/’2/3R)] Tr(eXP(_ﬁHN,BRH)] (5.3)

in an analogous way we can deal with the case in which nuclei must
be added to neutralize the system. Define N*?=N—(p,gq,0...,0). For
0<g<N, and 0<p<min{e,, N;}. As with the electrons needed to
neutralize N*, place nuclei clouds @,(y)= &(y — y,) uniformly around Sg.
Now place the p <e, disjoint electron clouds ¥,(x)= J(x—xj) uniformly
around Sy independently of the nuclei. Assume that R is large enough
(depending on e,) that the disjointness of the electron clouds does not force
¥ to have support smaller than B,(0). The nuclei-nuclei interaction energy
is <(e,q)* /2R and the electron—clectron interaction energy is <p*/2R.
The electron-nuclei interaction energy is> —e,q(1—1/CR*)(p/R)=
—e,(p,/R)+ e,(p,/R*). This is because g/CR? is approximately the number
of nuclei which intersect supp(y;) for a given j. If ¢ is the appropriately
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symmetrized linear combination of products of electron and nuclei clouds,
then the discussion above shows that {[ese -V, W dx}..dxfdx}...dx] <
(20— p)*/2R + e,pq/R>. Again (W)= —(esq— 2)/R and f— qulﬂ VS
(g°” + p*?)/R*?. Therefore, for only a moderately large R we have

Tefexp(— fH s <oxp | —p 2L | Teloxp(—ptta, )1 (59

Finish off the argument in the obvious way. Let N+ E=0. Then,

Ni

Y exp(Bu- N*) Tr[exp(—BH o 5,)]

p=0
e2—1 N2

+ ), Y exp(Bu N*9) Tr[exp(—BH yoas,) ]

p=14g=0

Ny 2 k—1 Ny
< { Y exp —Pu,p exp< §R>+ Y, Y exp[— B —1,9)]

p=0 p=1¢g=0

PRY
X eXp [—B—(-eZ(g—Rm—:l} ‘Trlexp(—BHy.5,,,)]

<{ 5000 (me 7))

Ny 2
+C 3 exp| =g+ 1) |} Teloxp(~pHn, )

q=0

Complete the square:

< <exp (% ,BR;@) E:o exp I: 3[; (p + I“;") ] + Cexp (% ﬁRyf,) qi)
cesp| — e (4+22) |) Teleso~ s, )

< C(RB 1) expl BR(uz + u3) 1 Trlexp(—BH y,5,.,)]

The sum in the grand canonical ensemble is thus

Y. €% ¥ Tr[exp(— BH y,5,)]1 < C(RB~)"* exp[ BR(p2 + 12)]

x Y exp(fu-N)Trlexp(—BHy 5., )]

N-E=0

We must prove the following.
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Claim. Trlexp(—fHyp,.)]1 < exp{B[C(N)R + C|N|R™?]
Trlexp(—pHy )1}, where C(N) is uniform for B bounded below
INI < M |Bgl.

The constant C(N) is the Lipshitz constant for Fg(p, f) in the B
variable. Since Fp is convex in f and uniformly (in R) bounded (3.7) for
f>C and |p| <M, it can be picked uniform there. Once the claim is
proved, estimate (3.14) allows us to restrict to |N| < M(u)|Bg|, where
M(p) is uniform for u bounded above. This translates the
BLC(N)R+ C|N| R~*] into a BC(u) R and we will have

Y e N Trlexp(—BH y 5,) 1 < C(RB )" exp[ BR(u2 + 12) + BC(u) R]

x ), e NTrlexp(—BHyp,)]

N-E=0

and

|08 CRS™ )" expL BRI +42) + BCU) R1)

ﬂlB |[10g C(RB™1)'2+ BR(u; + ) + BC(n) R]

< C B) un + 2
R? R?

\

Notice  that  C(u, f)/R* is actually used to dominate
log C(RB~")""*/B | Bx| + BC(r)/R?. The dependence on f of the asymptotic
behavior in R is not brought out.

Proof of Claim:

Tr[exp(_ﬂHN,BRH)]: Z CXP[_ﬁ<HN,BRH¢’m v, ]

Y, eigenvalues on Bgy |

=§exp {—ﬂ [(%Y] =Dy Vs U

+<R+1)<V¢7n,$ >}

70 = (R;; I)ELIM v (Ri;l x)

where
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This quantity is

<on{oa(g) i o[

SES AN

As (VL g ) > —(HN,BR% §>—C3Ys_, N, (by stability of matter theorem
for the operator —Ay 5.+ 2Vy), this sum is

< exp (Fﬁ Zs: >;€Xp{—ﬁ[<}%)2+%] <HN,BR‘I> ll)}

< exp (—lj Zs: ) I:exp {—ﬂ [(ﬁ%)z_’_%jl HN,BR}]
<o T 3 N+ pC) R | Trlexp(~ fHivs,))

where C(N) is the Lipshitz constant for Fg(f, p) in the f variable. |

Remark. The error (u2+ u2)/R* is a shortcoming of this proof. It
results because we correspond nonneutral systems to neutral systems by
adding particle. If u, or p, <0, then this greatly decrease the corresponding
terms in the sum. This error could be removed by a few pages of argument.
As a stronger version of the Neutrality Lemma is not needed for the
resolution of the continuity problem, I will not carry out these details.

Recalling Section 3.5, we already know that F is continuous at p=0.
Therefore, we are only concerned with continuity at pe dE* away from
zero. If a neutral p is nonzero then at least two components p,, p, must be
nonzero, one corresponding to. positive charge and the other to negative
charge. Under the equivalence of ensembles, this translates into u, and p,
being bounded below.

The Neutrality Lemma allows us to combine the L. L. Inequality and
Fefferman’s Inequality. Let {R,}* |, R, (M, R,,) and {C;}}* | be as in the
statement of Fefferman’s Inequality and let R> R (M, R,,). The Covering
Lemma implies that B, can be packed with C; balls of each radius R;, all
disjoint. If the L. L. Inequality is applied to these subdomains of By and we
then use the Neutrality Lemma and Fefferman’s Inequality we obtain
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Z eV Trexp( ~BHy 5,)]
N

> Y MV Trlexp(—fHyz,)]

N-E=0

H{ Z eﬂﬂ'NTr[CXp(“BHN,BR,-)]} i

i =

> 11 {kw iRy ¥ N Trlexp(—fa)]|

=1 N-E=0

o[

1

-

C
K . R)C } exp[—k(u,mﬂwkq
x Y e N Trlexp(—BH v z,)]

Take logs and divide by f§ |B| to obtain

Bg
M gy ~ S0 B _atig 5o Bl )

R% Rl i=1 IBR|
Clu, B) patu,
> - e
I & — k(g ﬁ I (. B)

As stated in the Neutrality Lemma, C(y, f) is uniform for u;< C and f§
bounded below. The constant k(y, B) in Fefferman’s Inequality is a sum
k(u, B)= C(u, B)+ Cx(u, B). C,(u, B) depends on free particle pressure due
to the Laplacian acting on the unit cubes [see discussion after (4.5)]. It
clearly decreases as any u; decreases or as f§ increases. C,(y, ) depends on
the Lipshitz continuity and, as was pointed out at the end of Section 4.2,
also decreases as any u, decreases (for f in bounded sets). Hence, for u,, p,
bounded below and all u,<C we can pick R, and M such that
C(u, ﬁ)/R§+(,uﬁ+uf,)/Rf——k(,u, WC/M) is as small as we like, say, less
than e>0. If R> R (M, R,(2 \/g)M), [T (e, B)— II(y, B)| <& as long as p
is in this range and f is in a bounded set. In particular, the convergence is
uniform as some u; — —oo, as long as u,, u, remain bounded below. (As
the Remark after the Neutrality Lemma indicates, we can even remove the
restriction on p,, y,.)

5.2. Continuity of F(p) at 0E*

As was pointed out in the last paragraph of Section 3.1 and discussed
in the Remark after the Neutrality Lemma, we only need examine the con-



1012 Hughes

tinuity of F at some p e 0E* away from p = 0. In particular this means that
some p, (corresponding to a positively charged species) and some g,
(corresponding to a negatively charged species) are nonzero. Let
a=1{i|p;=0}. By assumption « # . Let ,E* = {pedE*|p,=0 for all
iea}. For ped,E* let p, be any path in E* tending to p as t — 0. We must
show that lim,_, , F(p,)= F(p). By possibly enlarging = we may assume
that peint(d,E*). The a priori convexity of F’s restrictions to 8,E* allows
us to assume the p‘eint(E*) for t#0. Write p=(p,, pp)s 1= (t,, Its),
where the subscript a denotes those p,, u; with iea. In this notation p’
converges to p=(0,p,) as t—0. Let I1,(u,)=lim, . I(u,, 1)
By the uniform convergence of ITp(u) to II(u) for u,<c as R— o
and the fact that lim,, . ., ITa(ie )= (B |Bxl)~" S, exp(By" N,)
Trlexp(—pHy, 5,)] is independent of the specific way in which
u,—> —oo for each R, H,(u,) is well defined. Furthermore, by the
equivalence of ensembles for the system composed of omly species
for which i¢a, I,(u,)=sup,, g_o{ts ps—F(O,p;)}. Equivalently,
F(0, py)=sup,, {uy pp— M (1)}, p,eint(d,E*). Since the Legendre
transform of the limit of a sequence of convex functions is the limit of their
Legendre transforms, this equals lim, , . sup,, {ps" pp— (1, pp)}
independently of how u, approaches — 0.

This paper is concluded by showing that Lim,_,F(p’)=
sup,, {#» Pp— I, (1,)}. By equivalence of ensembles, F(p')=
sup, {p-p'—II(p)}. Since F(p) is finite for all pe E* this supremum is
attained at some p’ with u’ < const for all i, independently of ¢ Since IT is
bounded above by the free particle pressure (3.7), u} > const as well.

Now, let ¢ > 0. Write F(p')= .- p,+sup,, {1, pt,— II(u:, u,)}. Since
pl <comnst, u’ - p’ <e for all small enough 7. Hence, for small ¢

F(p")<e+sup {u," pj — H(u,, )}

Hb

As IT is a decreasing function of each variable u, this is
<e+sup,, {usp,— I, (up)}. On the other hand, if we define a sequence
fit, > —oo for which |i}- p!| < ¢ then

F(p")> il ply+sup {u,- pp— T(fi}, ps) }

b

> —g+sup {pp php— I({L, py)}

Hb

Letting ¢t — 0 gives

> —e+sup {p, pp— (1)}

Hb
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